AP® CALCULUS AB/CALCULUS BC
2015 SCORING GUIDELINES

Question 1

2
The rate at which rainwater flows into a drainpipe is modeled by the function R, where R(¢) = 20sin [;—5] cubic

feet per hour, ¢ is measured in hours, and 0 < ¢ < 8. The pipe is partially blocked, allowing water to drain out the
other end of the pipe at a rate modeled by D(¢) = —0.047> + 0.4t> + 0.96¢ cubic feet per hour, for 0 < 7 < 8.

There are 30 cubic feet of water in the pipe at time ¢ = 0.

(a) How many cubic feet of rainwater flow into the pipe during the 8-hour time interval 0 <7 < 8 ?

(b) Is the amount of water in the pipe increasing or decreasing at time ¢ = 3 hours? Give a reason for your
answer.

(¢) Atwhattime ¢, 0 <t < 8, is the amount of water in the pipe at a minimum? Justify your answer.

(d) The pipe can hold 50 cubic feet of water before overflowing. For ¢ > 8, water continues to flow into and out
of the pipe at the given rates until the pipe begins to overflow. Write, but do not solve, an equation involving
one or more integrals that gives the time w when the pipe will begin to overflow.

8
R(t) dt = 76.570
@) Jo ( ) 1 : answer

5. { 1 : integrand
(b) R(3)—D(3)=-0.313632<0 5 { 1 : considers R(3) and D(3)

Since R(3) < D(3), the amount of water in the pipe is 1 : answer and reason

decreasing at time ¢ = 3 hours.

(c) The amount of water in the pipe at time 7, 0 < ¢ < 8, is 1 : considers R(¢)— D(t) =0

30 + [ [R(x) - D(x)] dx. 3:y 1:answer
0 1 : justification

R(t)-D(t)=0 = t =0, 3.271658

t | Amount of water in the pipe
0 30

3.271658 27.964561
8 48.543686

The amount of water in the pipe is a minimum at time
t =3.272 (or 3.271) hours.

w 1 : integral
d) 30 R(t)— D(t)] dt = 50 2:
(d) + Jo [R(2) - D(1)] 1 : equation
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1. The rate at which rdinwater flows into a dramplpe is modeled by the funct?o/le where R( ) =20 sm( 35 zﬂ)

cubic feet per hour, ¢ is measured in hours, and 0<r<8. The pipe is pam?ﬂ?biﬁeked—allemg_mter—t

otit the other end of the pipe at a rate modeled by D(¢) = —0.047> + 0. 4t + 0.96¢ cubic feet per hour, for
0 <t<8. There are 30 cubic feet of water in the pipe at time 7 =

- (a) How many cubic feet of ramwater ﬂow into the pipe durmg the 8-hour time interval 0 <t <8 ?
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(b) Is the amount of water in the pipe increasing or decreasing at time ¢ = 3 hours” Give a reason for your
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(c) Atwhat time ¢, 0 < ¢ < 8, is the amount of water in the pipe at a minimum? Justify your answer.
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(d) The pipe can hold 50 cubic feet df water before overflowing. For # > 8, water continues to flow into and out

of the pipe at the given rates until the pipe begins to overflow. Write, but do not solve, an equatlon involving
one Or more mtegrals that gives the time w when the pipe Wi]l begin t0 overflow. ——

Ho =T W |
1 50=20 ’rg:T(bSauL

V Sm S@w ﬁuﬂc(,f
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1. The rate at which rainwater flows into a drainpipe is modeled by the function R, where R(z) = 20 sin(%j
cubic feet per hour, ¢ is measured in hours, and 0 < ¢ < 8. The pipe is partially blocked, allowing water to drain
out the other end of the pipe at a rate modeled by D(z) = —0.04¢> + 0.4> + 0.96¢ cubsic feet per hour, for
0 <t < 8. There are 30 cubic feet of water in the pipe at time ¢ = 0.

(a) How many cubic feet of rainwater flow into the pipe during the 8-hour time interval 0 <t < 8 ?

'{_/Z

[ 20 sn (%) dt = 1057035295 #4°

(b) Is the amount of water in the pipe increasing or decreasing at time ¢ = 3 hours? Give a reason for your
answer.

At £=2hars,  PQ) 4-D(’L>-'~ The amoont oF weder in 4
pipe s o\uveasx\y\j

Q<S>= 20 sin ( 55> = 5.080 2 oo

N3)- -~ 04(2)x 43+ 6,90(3):5.4 4+3>/LW'
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(c) Atwhattime ¢, 0 < ¢ < 8, is the amount of water in the pipe at a minimum? Justify your answer.

RW=0- z0snlE) @ 4:0, 10.48L

)
t

—+ ~+ -

+
0 (0.48 b

Obs MMM+ = O -

(d) The pipe can hold 50 cubic feet of water before overflowing. For 7 > 8, water continues to flow into and out
of the pipe at the given rates until the pipe begins to overflow. Write, but do not solve, an equation involving
one or more integrals that gives the time w when the pipe will begin to overflow.

0+ “ 1=\ y w
” . _ . 5 .
5073 0 ZOS‘”(%_&“ , 00+ 4" + .9t dU
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1. The rate at which rainwater flows into a drainpipe is modeled by the function R, where R(t) = 20sin (%)

cubic feet per hour, ¢ is measured in hours, and 0 < ¢ < 8. The pipe is partially blocked, allowing water to drain

out the other end of the pipe at a rate modeled by D(r) = —0.041> + 0.41> + 0.96¢ cubic feet per hour, for
0 <t < 8. There are 30 cubic feet of water in the pipe at time ¢ = 0.

(a) How many cubic feet of rainwater flow into the pipe during the 8-hour time interval 0 <t < 8 ?

(0,30)

0(8) < 100 (£
= 705N _‘_\B

(2
RT8Y-17 3392

(b) Is the amount of water in the pipe increasing or decreasing at time ¢ = 3 hours? Give a reason for your
answer. 7

) - §_>
L(5) 1040 (Z

=20 §iN (g—s\
03)= 5. 08637

DY = -0.09(3V% 0.4(a 4 D A(5)
D\ -5 .4
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(c) Atwhattime #z, 0 <t < 8, is the amount of water in the pipe at a minimum? Justify your answer.

J,—L
/),ij {ég = -0.,04 {5 rOﬁ‘rquOﬂ(af

{

(d) The pipe can hold 50 cubic feet of water before overflowing. For 7 > 8, water continues to flow into and out
of the pipe at the given rates until the pipe begins to overflow. Write, but do not solve, an equation involving
one or more integrals that gives the time w when the pipe will begin to overflow.

GO ON TO THE NEXT.PAGE.
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AP® CALCULUS AB/CALCULUS BC
2015 SCORING COMMENTARY

Question 1
Overview

In this problem students were given R(t), the rate of flow of rainwater into a drainpipe, in cubic feet per hour,
and D(t), the rate of flow of water out of the pipe, in cubic feet per hour. Both R(#) and D(¢) are defined on the

time interval 0 < ¢ < 8. The amount of water in the pipe at time ¢ = 0 is also given. In part (a) students needed to
use the definite integral to compute the amount of rainwater that flows into the pipe during the interval 0 < ¢ < 8.

8
Students had to set up the definite integral jo R(?) dt and evaluate the integral using the calculator. In part (b)

students should have recognized that the rate of change of the amount of water in the pipe at time ¢ is given by
R(t) — D(t). Students were expected to calculate R(3) — D(3) using the calculator and find that the result is

negative. Therefore, the amount of water in the pipe is decreasing at time ¢ = 3. In part (c) students had to find
the time ¢, 0 < ¢ < 8, at which the amount of water in the pipe is at a minimum. Students were expected to set up

t
an integral expression such as 30 + JO[R(x) — D(x)] dx for the amount of water in the pipe at time #. Students

should have realized that an absolute minimum exists since they are working with a continuous function on a
closed interval, and this minimum must occur at either a critical point or at an endpoint of the interval. Students
were expected to use the calculator to solve R(z) — D(¢) = 0 and find the single critical point at # = 3.272 on the
interval 0 < ¢ < 8. Students should have stored the full value for ¢ in the calculator and used the calculator to
evaluate the function at the critical point and the endpoints. In this case the amount of water is at a minimum at
the single critical point. In part (d) students were asked to write an equation involving one or more integrals that
gives the time w when the pipe will begin to overflow. Students were expected to set up an equation using the
initial condition, an integral expression, and the holding capacity of the pipe, such as

30 + IOW[R(t) — D(t)] dt = 50.

Sample: 1A
Score: 9

The response earned all 9 points.

Sample: 1B
Score: 6

The response earned 6 points: 2 points in part (a), 2 points in part (b), no points in part (c), and 2 points in part (d).
In parts (a) and (b), the student’s work is correct. In part (c) the student works with R(?) rather than R(¢) — D(¢).
In part (d) the student’s work is correct.

Sample: 1C
Score: 3

The response earned 3 points: no points in part (a), 2 points in part (b), 1 point in part (c), and no points in part (d).
In part (a) the student finds the rate at which water enters the pipe rather than the total amount. In part (b) the
student’s work is correct. In part (c) the student earned the first point for considering R(¢) — D(t) = 0.
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Question 2

2
Let f and g be the functions defined by f(x) =1+ x + ¢* ** and

g(x) = x* —6.5x% + 6x + 2. Let R and S be the two regions
enclosed by the graphs of f and g shown in the figure above.

(a) Find the sum of the areas of regions R and S.

(b) Region § is the base of a solid whose cross sections perpendicular ZW
to the x-axis are squares. Find the volume of the solid.

(c) Let & be the vertical distance between the graphs of f and g in

region S. Find the rate at which /# changes with respect to x when
x=18.

(]
(a) The graphs of y = f(x) and y = g(x) intersect in the first 1 : limits
quadrant at the points (0, 2), (2, 4), and 4 :4 2 :integrands
(4, B) = (1.032832, 2.401108). 1 : answer
4 2
Area = .[0 [g(x)— f(x)] dx+ L [f(x)— g(x)] dx
= 0.997427 +1.006919 = 2.004
2 2:1
(b) Volume = [ [/(x) — g(x)]’ dr =1.283 3 { integrand
4 1 : answer
(€) h(x)= f(x)—g(x) 5. { 1 : considers A’
h(x)=f'(x)-g'(x) | 1 :answer
n(1.8) = £(1.8) - g'(1.8) = —3.812 (or —3.811)
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2\Let f and g be the functions defined by f(x) =1+ x + ¢ 2% and g(x) = x* —6.5x +6x+2. Let R and §
bexthe two regions enclosed by the graphs of f and g shown in the figure above.

“=--Find the sum of the areas of regions R and S.

'F(“A): I (‘?)

—

a=|,032¢3¢¢83cdl

Q 7
€(x ~ T T
0[3()‘) 'F()] 0/)( T /[F(X)‘j (x,)_] O)X - Z 00 17/ \‘\
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(B\Region § is the base of a solid whose cross sections perpendicular to the x-axis are squares. Find the

volume of the solid. . o
' a=|,0 ¢¢ 3cU
Cross Sadon wex  A(X) = ({(x)-g(,)> . o328

2 e
fA(x) i sl 283 )
Q

\\&___,_,

;
\(c) Let h be the vertical distance between the graphs of f and g in region S. Find the rate at which A changes
with respect to x when x = 1.8.

L'(1.g)= 2. 62 %21217/2¢
3'(1.2) - §5.92¢

dh
- = Tlie-5'0r)

L
ks
|
-l

J
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2. Let f and g be the functions defined by f(x) =1+ x +¢e* “2* and g(x) = x* —6.5x* +6x+ 2. Let R and S
be the two regions enclosed by the graphs of f and g shown in the figure above.

(a) Find the sum of the areas of regions R and S. C\ = 1.03%24 s 3\q

an

_ A .
37 L FR-qO% = 0%y
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(b) Region § is the base of a solid whose cross sections perpendicular to the x-axis are squares. Find the
volume of the solid.

a
Nefome ™ @f@f’é*)-ﬂ“))"‘)gx = \.8%3un?

(c) Let h be the vertical distance between the graphs of f and g in region S. Find the rate at which 4 changes
with respect to x when x = 1.8.

=2 0~ 40))

an . aJ‘,ﬂ‘o«)—qM)w
XE

G‘“ F(1.8) —q (17 = 80,440
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2. Let f and g be the functions defined by f(x )—1+x+e 2% and g(x) = x* —6.5x%> + 6x+2. Let R and S
~ be the two regions enclosed by the graphs of f and g shown in the figure above.

(a) Find the sum of the ar€as of region® R and S.

\

o
- ), O R

»
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(b) Region S is the base of a solid whose cross sections perpendicular to the x-axis are squares. Find the
volume of the solid. -

T (lfr x*wc{"w) (> b5x e )

(c) Let h be the vemcal distance between the graphs of f and g in region S. Find the rate at wh1ch h changes
- with respect to x when x = 1.8.

V\:{)-%,("

= 1)6
W= ) T~ 1Bk r 6
W) =-3%.2%
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AP® CALCULUS AB
2015 SCORING COMMENTARY

Question 2
Overview

In this problem students were given a graph of the boundary curves of two planar regions R and S in the first

—2x

2
quadrant. One boundary curve is defined by f(x) =1+ x+e" ~°*, and the other boundary is defined by

g(x) = x* — 6.5x% + 6x + 2. In part (a) students were asked to find the sum of the areas of regions R and S.
Two intersection points of the boundary curves, (0, 2) and (2, 4), are given, and students were expected to find
the other point of intersection by using the calculator. The intersection point is (4, B) = (1.032832, 2.401108).

4 2
The sum of the areas of R and S is J.O (g(x) = f(x))dx+ J.A (f(x) — g(x)) dx. Students were expected to use

the calculator to evaluate the integrals. In part (b) students were asked to find the volume of a solid with § as its

base. Students had to interpret the area of the cross sections as [ f(x) — g(x)]*, and use the calculator to evaluate

2
the volume as .[A [f(x)- g(x)]2 dx. In part (c) students had to find the rate of change of the vertical distance, 4,

between the graphs of f and g at x = 1.8. Students were expected to recognize and communicate
h'(x) = f'(x) — g'(x), then evaluate /'(1.8) using the numerical derivative at a point capability of the calculator.

Sample: 2A
Score: 9

The response earned all 9 points.

Sample: 2B
Score: 6

The response earned 6 points: 3 points in part (a), 3 points in part (b), and no points in part (c). In part (a) the student
presents correct integrals for the areas of the two regions and earned the first 3 points. The student evaluates the
areas of the two regions correctly. The student does not find the sum and did not earn the answer point. In part (b)
the student’s work is correct. In part (¢) the student presents an incorrect expression for 7',

Sample: 2C
Score: 3

The response earned 3 points: 2 points in part (a), no points in part (b), and 1 point in part (c). In part (a) the student
uses x =1 as the x-coordinate of the point of intersection. The student did not earn the first point. For each of the
regions, the student presents the correct integrand, so the second and third points were earned. The student is not
eligible for the answer point. In part (b) the student presents an incorrect integrand. In part (c) the student considers
h' = f'— g’ and earned the first point. The evaluation of /'(1.8) is incorrect.

© 2015 The College Board.
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Question 3

t

) 0 12 20 24 40
(minutes)

V(1)

(meters per minute)

0 200 | 240 | -220 | 150

Johanna jogs along a straight path. For 0 < ¢ < 40, Johanna’s velocity is given by a differentiable function v.
Selected values of v(¢), where ¢ is measured in minutes and v(#) is measured in meters per minute, are given in
the table above.

(a) Use the data in the table to estimate the value of v'(16).
40
(b) Using correct units, explain the meaning of the definite integral _[0 |v(2)| dt in the context of the problem.

Approximate the value of J.;O|v(t)| dt using a right Riemann sum with the four subintervals indicated in the
table.
(c) Bob is riding his bicycle along the same path. For 0 < ¢ <10, Bob’s velocity is modeled by
B(t) = t — 61> + 300, where ¢ is measured in minutes and B(t) is measured in meters per minute.
Find Bob’s acceleration at time ¢ = 5.

(d) Based on the model B from part (c), find Bob’s average velocity during the interval 0 < ¢ < 10.

240 - 200

(@) Vv'(16) ~ 0= - = 5 meters/min” 1 : approximation
40
(b) '[0 |v(2)| dt is the total distance Johanna jogs, in meters, over the 1 : explanation
time interval 0 < ¢ < 40 minutes. 3:4 1:right Riemann sum

1 : approximation
40
.[0 [v(t)| dt =~ 12-|v(12)]| + 8- |v(20)| + 4-|v(24)| + 16 - |v(40)]|

=12-200+8-240+4-220+16-150
= 2400 + 1920 + 880 + 2400

= 7600 meters
(c) Bob’s acceleration is B'(r) = 3t* —12t. 5 { 1 :uses B'(¢)
B'(5) = 3(25) - 12(5) = 15 meters/min* I - answer
10
(d) Avgvel = Lo [ (e = 62 +300) ar | - integral
10 3:< 1:antiderivative
= L[ —28 + 3001,‘} 1 : answer
10 0
_ %[10000 2000 + 3000} — 350 meters/min
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t

(minutes)

(1)

(meters per minute)

0 200 | 240 | =220 | 150

3. Johanna jogs along a straight path. For 0 < ¢ £ 40, Johanna’s velocity is given by a differentiable function v.
Selected values of v(r), where ¢ is measured in minutes and v(¢) is measured in meters per minute, are given in
the table above.

(a) Use the data in the table to estimate the value of v’(16).

—

\/L&o}—\)(\?-)’_ 240 =200 4o g0

—

T T F T =0

M
Mﬁml

. )
N R e

40 o
(b) Using correct units, explain the meaning of the definite integral Jo |v(#)| dt in the context of the problem.

40
Approximate the value of -[0 |v(2)| d using a right Riemann sum with the four subintervals indicated in the

table. 4o .
by f Jutildt wpreserts Yhe fofod dilonce in

: Mdm Johenna
ond ‘{' =40 prasTes.

2o
Hrowelad h’**""w %\m_ = D

90 . Lo
f Nt ter & [12(200) + ElAo)T 4@ 4 (150D ]

& = 2400 + 1920 7 g0+ 2400

TLOD  rratare
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(c) Bob is riding his bicycle along the same path. For 0 < # <10, Bob’s velocity is modeled by

B(t) = 12 — 61> + 300, where ¢ is measured in minutes and B(r) is measured in meters per minute.

Find Bob’s acceleration at time ¢ = 5.

©)  alustion = Bl = ot ~12T

Bx-(‘;) = 28 —12153)
m
= 15-L0 = |5 moa?

(d) Based on the model B from part (c), find Bob’s average velocity during the interval 0 < ¢ < 10.

pisuihar =}

g o
&) !.Ebti."r‘é: " g(—ts Lt ¥300007

*1OpI10q ST} PUOAAQ 2JLIM 10U O

' |O
’ lo
) ' 2 ¢ 4.
= L.t o2 oyt
10 Y o
|
lo” 39_390_ 006 4 3000 |
\ M
= _ 4 = 250 —
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: 0 12 20 24 40 , . -
(minutes) : . ’

¥(1)

(meters per minute)

0 | 200 | 240 | —220 | 150

3. Johanna jogs along a straight path For O <t< 40 Johanna’s velocity is given by a dlfferenUable function v.
Selected values of v(¢), where ¢ is measured in rmnutes and v(¢) is measured in meters per minute, are given in

the table above _
() Use the data in the table to estimate the value of v (16)

oy - () s

— =

~WE s B

"~ (b) Usmg correct umts explam thc mcamng of the deﬁmte mtegral J v(t)| dt in the context of the probiem.

_ Apprommate the value of J (1)) dt usmg a nght Rlemann sum w1th the four subintervals indicated in fl-ief

g‘*; ucm I
‘\o%ov\r\C\ | WCY"“’\ -‘é O .’LD t L{'O

200(41‘)+ %o(g\ +22—O(43 1~ %o(’lé)

m +n+al d;sm«ce, : comwso{ )@

= 2400 + DllO o+ g80+ l‘*oo

= Lr%OO %2%00 :  7'5001
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b

(c) Bob is riding his bicycle along the same path. For 0 < ¢ < 10, Bob’s veloﬁity ig modeled by

B(t) = > = 61* + 300, where ¢ is measured in minutes and B(z) is measured in meters per minute.

Find Bob’s acceleration at time ¢ = 5.
G2t -<42T -
B'E)= 225 42

= jq’ éO =415 (m/n’\mm@/n«mﬁ'ﬁ/

(@ Based on the model B from part (c), find Bob’s average velocity during the interval 0 < t < 10. o

- = i,ﬂesjé{f?@oo A tnglers [ onade -

e L ~ GO ON TO THE NEXT PAGE.
any part of this page is lllegal. . T . .
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i {
2% il 4 4%
v | ) t 0 12> 20 24 I4O
(minutes) '
v(t) ' '
0 200 | 240 | -220 | 150
(meters per minute) :

3. Johanna jogs along a straight path. For 0 < ¢ < 40, Johanna’s velocity is given by a differentiable function v.
Selected values of v(t), where ¢ is measured in minutes and v(¢) is measured in meters per minute, are given in

the table above.
(a) Use the data in the table to estimate the value of v*(16).

V) & 20w T |ro
20— L Z 6 - K

o , 40 . i
@l sing correct units, explain the meaning of the definite integral -[o |v(#)| @¢ in the context of the problem.
' 40 ' -
Approximate the value of Jl . |v()| dt using a right Riemann sum with the&_our\spbintcrvals indicated in the

table. . ‘1@ . ‘_ l

J:IV('F))' Ty e ‘lifi]_'iﬁ"f’l%- bavdlle

| LhLy Fohsant [0y
i‘”“(nu->

Lechwer by a5 positive
(\V\ clo Atv\d .

pooitive
| s
"'U"-\‘ d‘) "’t’\CL = OL)(ZoeD + 8(7/'10) 3= U{(+220> + (9(\503
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(c) Bob is riding his b1cycle along the same pat.b For 0 <1 <10, Bob’s velomty is modeled by

B(t) =1

Find Bob’s acceleration at time ¢ = 5.

.’/é/v = <L . -
oA T 54

(5) = 5 (2s)

15

L

2t

- 12()

— Lo

— 612 + 300, where ¢ is measured in minutes and B() is measured in meters per minute.

(d) Based on the model B from part (c), find Bob’s ai'erage velocity during the interval 0 < ¢ < 10.

*10p10q ST} puo£aq AJLIM JOU O(]

- W
. & } 3 11{
& avernye VLT f e
e S
s f
Ve j & J o —0
: o
o . 5 n "
T - Ct o - (i)
= T = —_— -0
(o . lo |
Unauthorlzed.copying or reuse of GO ON TO THE NEXT PAGE
any part of this page is illegal. 1 5’_ a2 ) g e
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Question 3
Overview

In this problem students were given a table of values of a differentiable function v, the velocity of a jogger, in
meters per minute, jogging along a straight path for selected values of ¢ in the interval 0 < ¢ < 40. In part (a)

students were expected to know that v/(16) can be estimated by the difference quotient % In part (b)

40
students were expected to explain that the definite integral jo |v(7)| dt gives the total distance jogged, in meters,

40
by Johanna over the time interval 0 < ¢ < 40. Students had to approximate the value of .[o |v(#)| dt using a right

Riemann sum with the subintervals [0, 12], [12, 20], [20, 24], [24, 40], and values from the table. In part (c)
students were given a cubic function B, the velocity of a bicyclist, in meters per minute, riding along the same
straight path used by Johanna for 0 < ¢ < 10. Students should have known that B'(¢) gives Bob’s acceleration at

time ¢. Students were expected to find B'(¢) using derivatives of basic functions and then evaluate B'(5). In part

10
(d) students had to set up the definite integral %J.o B(t) dt that gives Bob’s average velocity during the interval

0 <t <10. Students needed to evaluate this integral using basic antidifferentiation and the Fundamental Theorem
of Calculus.

Sample: 3A
Score: 9

The response earned all 9 points.

Sample: 3B
Score: 6

The response earned 6 points: 1 point in part (a), 2 points in part (b), 2 points in part (c), and 1 point in part (d). In
part (a) the student’s work is correct. In part (b) the student does not include “meters,” so the explanation point was
not earned. The student’s Riemann sum and approximation are correct. In part (¢) the student’s work is correct. In
part (d) the student’s integral is correct.

Sample: 3C
Score: 3

The response earned 3 points: no points in part (a), 1 point in part (b), 2 points in part (c), and no points in part (d).
In part (a) the student attempts to simplify the correct difference quotient but makes an arithmetic error. In part (b)
the student did not earn the explanation point because the time interval and the distance units (meters) are not
included. The right Riemann sum has exactly one error. The student earned the point because 7 out of the 8
components are correct. The student did not earn the approximation point as a result of an error in the Riemann sum.
In part (c) the student’s work is correct. In part (d) the student uses B'(¢) in the integral instead of B(¢).

© 2015 The College Board.
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Question 4

Consider the differential equation % =2x—-y.

(a) On the axes provided, sketch a slope field for the given differential equation at the six points indicated.

2

(b) Find f{—;} in terms of x and y. Determine the concavity of all solution curves for the given differential
x
equation in Quadrant II. Give a reason for your answer.

(c) Let y = f(x) be the particular solution to the differential equation with the initial condition f(2) = 3.
Does f have a relative minimum, a relative maximum, or neither at x = 2 ? Justify your answer.

(d) Find the values of the constants m and b for which y = mx + b is a solution to the differential equation.

(a) 5. 1 : slopes where x = 0
" | 1 : slopes where x =1
N

0 1

W /

d*y . _dy _ _ d%y
(b) ?—Z—a—z (2x y)—2 2x+y 2: 1?

1 : concave up with reason
In QuadrantIl, x <0 and y >0, so 2—-2x+ y > 0.

Therefore, all solution curves are concave up in Quadrant II.

(c) % =2(2)-3=1+#0 1 : considers %
Ml )=23) 2: i p)=(2.3)
Therefore, f has neither a relative minimum nor a relative 1 : conclusion with justification

maximum at x = 2.

_ dy _ d _ . d _
d y=mx+b = dx_dx(mx+b)_m N l.dx(mx+b)—m

2x—y=m N 1:2x—-y=m

2x—(mx+b)=m 1 : answer

2-m)x—-(m+b)=0
2-m=0=>m=2
b=-m = b=-2

Therefore, m = 2 and b = -2.

© 2015 The College Board.
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Do not write beyond this border.

4. Consider the differential equation % =2x-y.

(a) On the axes provided, sketch a slope field for the given differential equation at the six points indicated.

b

2 .
(b) Find % in terms of x and y. Determine the concavity of all solution curves for the given differential
equation in Quadrant II. Give a reason for your answer.
Y _gx-
B = 4L =Y
2
é—g = = i}’- = -(2¥%- )
3 A oo 2-2xy
ﬂ =2 “2X % y
dx*

\n Quadmet T, X<0 and y >0,
SO @1; 1-17(+\{> 0,
X

Thus | ol solution cunts M Quadvant I o OACAVE vv&o,l
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(c) Let y = f(x) be the particular solution to the differential equation with the initial condition f(2) = 3.
Does f have a relative minimum, a relative maximum, or neither at x = 2 ? Justify your answer.

éj- - = . - =
dK_lx\{ 2.2-73 =\

t

= oy =2
iNmﬂmﬂ, as 5 # 0 of x4

(d) Find the values of the constants m and b for which y = mx +b isa splution to the differential equation.
dy
33 = 2%y, Y= wmxtb

d - 2x-
;-z:w\-lxy

wA= lX“(W\X*b§
wi= (Z-wmix-b ,quuww coePFICients

2-m= D
w=2 ,
“b=m

b= -wm=-2.

Wy\=2,\>=—.2 | : | -
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& _

4, Consider the differential equation e 2x —y.

(a) On the axes provided, sketch a slope field for the given differential equation at the six points indicated.

2
(b) Find d_g_) in terms of x and y. Determine the concavity of all solution curves for the given differential

equation in Quadrant II. Give a reason for your answer.

Continue problem 4 on page 17.
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(c) Let y = £(x) be the particular solution to the differential equation with the initial condition f(2) = 3.
Does f have a relative minimum, a relative maximum, or neither at x = 2 ? Justify your answer.

_/—F{ly - Z-’Z(Z) F3 = 2 -Y r3-= -3 #%= | WD
de® . concave VP T preard Samirenin
Jecording Lothe Secons Aertyidive test m.tr p= D
Lhe QM O‘QV"’V“}*P‘:G’ P'OS‘”‘)V{ ard o= 7Lf‘*€f‘\€ s
oL VV\,J_AFMM‘""A}L“‘LH@‘ peih—

\

(d) Find the values of the constants m and b for which y = mx + b is a solution to the differential equation.

"m: TV vz 2 — chx

¥
y= Gx-y) e ¢
b= 2x7 yp 4h

GO ON TO THE NEXT PAGE.
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3 = 5
NO CALCULATOR ALLOWED
. 2 i . dy
4. Consider the differential equation ol 2x —y.
(a) On the axes provided, sketch a slope field for the given differential equation at the six points indicated.
b
4
25& —
% 4
0 T
-7 /.
e
4>
(b) Find dx_g in terms of x and y. Determine the concavity of all solution curves for the given differential
equation in Quadrant II. Give a reason for your answer.
Tr-Lel
N _ Ax- =L
N =B | x=1
tx |
A=
Q\Z‘\ 7 - y )
. /‘L - \‘ s
O
=9
®= 1
RN b
=% L
b= 2= (Tx-\) _
. Bl
0= 2-1%xxy :
= \
N T OZx- 7 : Ceoabe VIS o TRCRIVE RA.
NY
K= z .
Unauthorized copying or reuse ;I B Continue problem 4 on page 17.
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4

(c) Let y = f(x) be the particular solution to the differential equation with the initial condition f(2) = 3.
Does f have a relative minimum, a relative maximum, or neither at- x = 2 ? Justify your answer.

. RIS

\7 :

W

\1\

g ey = ¥_1 |
I \{ g oS o celative, min O X =7 becocwee
"\ 2 _ .
1 2 #o Rz s D

(d) Find the values of the constants m and b for which y = mx + b is a solution to the djﬁerenﬁal equation.

_— >Z)<-\‘ \1:—3:m(><‘—2.)

éd\{“\’\\ = élx oA % i x|

=

N

Y/
N

\
(O]

,"
™,
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AP® CALCULUS AB/CALCULUS BC
2015 SCORING COMMENTARY

Question 4

Overview

In this problem students were to consider the first-order differential equation % = 2x — y. In part (a) students
were given an xy-plane with 6 labeled points and were expected to sketch a slope field by drawing a short line

segment at each of the six points with slopes of 2x — y. In part (b) students needed to use implicit differentiation

2 2
and the fact that d—;} = i(ﬂ) to obtain a2y 2 — 2x + y. Students were expected to explain that for points
dx dx \ dx 2
2
in Quadrant II, x < 0 and y > 0 so Z—{ > 0. Thus, any solution curve for the differential equation that passes
X

through a point (x, y) in Quadrant II must be concave up at (x, y). In part (c) students were asked to consider
the particular solution y = f(x) to the differential equation with the initial condition f(2) = 3. Students had to
determine if (2, 3) is the location of a relative minimum, a relative maximum, or neither for /" and justify the
answer. Students were expected to show that % # 0 at (2, 3) and conclude that (2, 3) is neither the location of

a relative minimum nor a relative maximum. In part (d) students were asked to find the values of the constants m
and b so that the linear function y = mx + b satisfies the differential equation b _ 2x — y. Students were
dx
. dy . oo ody
expected to show that if y = mx + b, then il Using a substitution in i 2x — y leadsto 2x —y =m

and thus 2x — (mx + b) = m. This equation enabled the student to find the values of m and b.

Sample: 4A
Score: 9

The response earned all 9 points.

Sample: 4B
Score: 6

The response earned 6 points: 2 points in part (a), 2 points in part (b), no points in part (c), and 2 points in part (d). In
part (a) the student’s work is correct. In part (b) the student’s work is correct, including correct reasoning about the
sign of the second derivative using the signs of x and y in Quadrant II. In part (c) the student does not consider

, o d? . o

%, so the first point was not earned. The student considers d—%), which cannot be used as justification, and the
X

student incorrectly identifies x = 2 as a minimum. The second point was not earned. In part (d) the student earned

the first 2 points for declaring that m = 2x — y. In doing so, the student communicates that the derivative of the

linear function is its slope m (the first point) and connects the differential equation and its linear solution by
equating the derivatives (the second point). The student does not arrive at an answer.

Sample: 4C
Score: 3

The response earned 3 points: 2 points in part (a), 1 point in part (b), no points in part (c), and no points in part (d).
In part (a) the student’s work is correct. In part (b) the student earned the first point for the correct second derivative
in x and y, shown in the work where the student writes 0 = 2 — (2x — »). In part (c) the student incorrectly solves

© 2015 The College Board.
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Question 4 (continued)

the differential equation and then, from that work, finds an incorrect expression for the first derivative. The student is
not eligible for any points. In part (d) the student attempts to solve the differential equation by separation of variables

and uses the point (2, 3), which is not relevant to the question asked.

© 2015 The College Board.
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Question b

The figure above shows the graph of /', the derivative of a
twice-differentiable function f, on the interval [-3, 4]. The
graph of /' has horizontal tangents at x = —1, x = 1, and

x = 3. The areas of the regions bounded by the x-axis and
the graph of /' on the intervals [-2, 1] and [1, 4] are 9 and
12, respectively.

(a) Find all x-coordinates at which f has a relative
maximum. Give a reason for your answer.

(b) On what open intervals contained in —3 < x < 4 is the
graph of f both concave down and decreasing? Give a
reason for your answer.

0/1

o
(8]
+

Graph of f/

(c) Find the x-coordinates of all points of inflection for the graph of /. Give a reason for your answer.

(d) Given that f(1) = 3, write an expression for f(x) that involves an integral. Find f(4) and f(-2).

(@ f'(x)=0atx=-2,x=1,and x = 4.
f'(x) changes from positive to negative at x = —2.
Therefore, f has a relative maximum at x = —2.

(b) The graph of f is concave down and decreasing on the intervals

—2<x<-land 1< x <3 because f" is decreasing and
negative on these intervals.

(c) The graph of f has a point of inflection at x = —1 and x = 3
because f' changes from decreasing to increasing at these
points.

The graph of f has a point of inflection at x = 1 because f’
changes from increasing to decreasing at this point.

@) f(x)=3+ [ ()
4
f(4):3+.[1 f'(t)dt =3+ (-12) = -9

f(=2)=3+ L_zf’(t) dt =3 - Lf’(z) dt
=3-(-9)=12

© 2015 The College Board.

g

1
1

: identifies x = -2

: answer with reason

: intervals
: reason

: identifies x = —1,1, and 3
: reason

: integrand
: expression for f(x)

: f(4) and f(-2)
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X

Graph of f*

5. The figure above shows the graph of f”, the derivative of a twice-differentiable function f, on the interval
[-3, 4]. The graph of f” has horizontal tangents at x = —1, x =1, and x = 3. The areas of the regions
bounded by the x-axis and the graph of f’ on the intervals [-2, 1] and [1, 4] are 9 and 12, respectively.

(a) Find all x-coordinates at which f has a relative maximum. Give a reason for your answer.

0% 5(*)1%«5 o RIBVve ey men atf X= -2 becuuse
P60 gwriches frgen fESiFVE o r%u%‘ve @ Y5
/v?r\'-’-",

71 i

(b) On what open intervals contained in —3 < x < 4 is the graph of f both concave down and decreasmg7
Give a reason for your answer.

The brupho§ 5 15 both  ompunt down andl dﬁufaﬁ?%
on ¥he mrervets (‘2 1) angl. (_,3) beCuusp, on Yese
mﬁ—em{$ :ch) s neﬁ;u'wﬁ cmd, a/;@ 5@),5 ﬁ‘fdf%/@p
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(c) Find the x-coordinates of all points of inflection for the graph of f. Give a reason for your answer.
x==1,1,3
Tle  x-—coondinabes 05 2 /cmlv of Taflec biom for dhe
geh  &F Foare x=tl, x=l, x=3 This s braue
& Yese fom%) £20) switthes 5%%,

(d) Given that f(1) = 3, write an expression for f(x) that involves an integral. Find f (4) and f(-2).

E_O‘—)z/f’fﬂb)&é +3 l

y (‘2)
FG) = j“f’(t)db +3 5) = f SR)dE <
| )
= (—12) +3 - (q) +3
) sC)= )2

““‘-\ -

GO ON TO THE NEXT PAGE.
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5. The figure above shows the graph of f”, the derivative of a twice-differentiable function f, on the interval
[-3, 4]. The graph of f’ has horizontal tangents at x = —1, x = 1, and x = 3. The areas of the regions
bounded by the x-axis and the graph of f” on the intervals [-2, 1] and [1, 4] are 9 and 12, respectively.

(a) Find all x-coordinates at which f has a relative maximum. Give a reason for your answer.

ar x=-1,fhai a rlerive May beiguse +his s whert
£(x) (/h“ng“ ftm VUHTNC 1% ﬂﬁgaﬁVC.

(b) On what open intervals contained in -3 < x < 4 1is the graph of f both concave down and decreasing?
Give a reason for your answer.

(-1,-1) and {1,3) becavse thiv 15 wWhert
£1(xX) 18 ncqaﬁveand the iloge 0F )

i negaﬁv‘e.
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(c) Find the x-coordinates of all poinis of inﬂeciionn for the graph_of f. Give a reason for your— answer. )
fne graph of £ naJ giintt of inflection 4+ x=-1, ¥=,
dad X=3 because s is wnere 14X nei g

Siopt i 0.

Do not write beyond this border.

(d) Given that f(1) = 3, write an expression for f(x) that involves an integral. Find f(4) and f(-2).
¢ 00 = [£1xdy
flu)= [rax=-lt

f
£ (-11= {4 ndx=-4

i,

GO ON TO THE NEXT PAGE.
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Graph of f*

5. The figure above shows the graph of f ' the derivative of a twice-differentiable function f, on the interval
[-3, 4]. The graph of f ’ has horizontal tangents at x = —1, x =1, and x = 3. The areas of the regions
bounded by the x-axis and the graph of f” on the intervals [-2,1] and [1, 4] are 9 and 12, respectively.

(2) Find all x-coordinates at which f has a relative maximum. Give a reason for your answer.

(3 hay 6 recloanwes Maximumt af (ww\i "

becavse tae graph of gy -2 ju‘U
Fiom psrhw R mj»\hy& .

(b) On what open intervals contained in -3 < x < 4 is the graph of f both concave down and decreasing?
Give a reason for your answer.
"+ hot

by concave dowpn A Pom’r -1 becaise
A reloHwWe max i af Thal Pvll’ll—'ﬂ
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i - Py, X -—

CALCULATOR ALLOWED

"NO

(c) Find the x-coordinates of all points of inflection for the graph of f. Give a reason for your answer.
It hey @& Kyom%‘ e nWFleckiwon adt Fﬂn’r‘ |
= t va lt
N \‘)CCQU{Q A tha ’.Potn)——- f" cq

epo boF LF rewev pame) g x-AXIS

{

(d) Given that f(li 2 3, write an expression for f(x) that involves an integral. Find f@ and f(-2).
, l |
S ;-l {ILX)&\(—: ((L\} _‘FLl\ 5 &’U)o\Xf—ﬁ\»‘“
' <1

‘ | ' < a-f)

S,LI o= ) - 3 5 f)dx = 5
. . m e

0 t3

.
(-2) = %—' £ C@d}
IWOHE g? Fidx t3 e S *

~—A
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Question b
Overview

In this problem students were given the graph of f”, the derivative of a twice-differentiable function f on the
interval [-3, 4]. The graph of /' has horizontal tangents at x = —1, x =1, and x = 3. The areas of the regions
bounded by the x-axis and the graph of f” on the intervals [-2, 1] and [, 4] were given. In part (a) students had
to find all x-coordinates at which f has a relative maximum. Students had to find the critical points x = -2,

x =1, and x = 4 from the graph of f” and apply the First Derivative Test to conclude that the relative

maximum occurs at x = —2. In part (b) students were asked to determine the open intervals where the graph of f
is both concave down and decreasing. Students needed to use the graph of f’ to determine the open intervals

where f' was both decreasing and negative in order to answer the question. In part (¢) students were asked to
find the x-coordinates of all points of inflection for the graph of f. Students needed to use the graph of f” to
determine the x-coordinates of the points where f' changes from increasing to decreasing or from decreasing to
increasing in order to answer the question. In part (d) students were asked to write an expression for f(x) that

involves an integral given that f(1) = 3. Students were expected to use the Fundamental Theorem of Calculus to

produce f(x)=3+ le f'(¢) dt. Students had to use properties of the definite integral, including the relationship
of the definite integral to the areas of the bounded regions to find f(4) and f(-2).

Sample: bA
Score: 9

The response earned all 9 points.

Sample: bB
Score: 6

The response earned 6 points: 2 points in part (a), 2 points in part (b), 1 point in part (¢), and 1 point in part (d). In
parts (a) and (b), the student’s work is correct. In part (c) the student correctly identifies the x-coordinates of the
points of inflection, so the first point was earned. The student’s reason is not sufficient to earn the second point since
“ f'(x) has a slope of 0” does not, in general, guarantee a point of inflection. In part (d) the student earned the first

point for having f”(x) as the integrand in a definite integral. The student does not provide an expression for f(x)
nor calculate correct values for f(4) and f(-2), so the second and third points were not earned.

Sample: 5C
Score: 3

The response earned 3 points: 2 points in part (a), no points in part (b), no points in part (c), and 1 point in part (d).
In part (a) the student’s work is correct. In part (b) the student does not identify any intervals. In part (¢) the student
identifies only one of the three correct values, so the first point was not earned. The student’s reason is not sufficient
to earn the second point. In part (d) the student earned the first point for having f'(x) as the integrand in a definite
integral. The student does not provide an expression for f(x) nor calculate correct values for f(4) and f(-2), so
the second and third points were not earned.
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Question 6

Consider the curve given by the equation y3 — xy = 2. It can be shown that % = 3 2y .
Yy —-x

(a) Write an equation for the line tangent to the curve at the point (-1, 1).

(b) Find the coordinates of all points on the curve at which the line tangent to the curve at that point is vertical.

2

(c) Evaluate Z—;} at the point on the curve where x = —1 and y = 1.
X
dy 1 1
(@) — = =7 [ 1:slope
Dl =1y 317 =(-1) 4 2

1 : equation for tangent line

An equation for the tangent line is y = %(x +1)+1.

b) 3’ -x=0= x=3)° 1:sets 3y —x =0
3:4 1:equation in one variable
So, y' —xy=2= )’ - (3y2)(y) =2 = y=-1 1 : coordinates

(1Y —x(-1)=2 = x =3

The tangent line to the curve is vertical at the point (3, —1).

2_ Y 6P
dzy (3y x)dx y(6ydx 1)

(©) S = 5 2 : implicit differentiation
i (35 - ) L dy
4 : 4 1 : substitution for ——
3.2 - (=1))- L —1-(6-1-1 1 dx
d*y ( - ))'Z_ P 1 : answer
2 = 2
x|, yy=-11) (3-17 = (-1)
1
30
16 32
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- d
6. Consider the curve given by the equation y3 — xy = 2. It can be shown that Ey = - 2y 5
y o —-x

(a) Write an equauon for the line tangent to the curve at the point (-1, 1).

S/olge - @ CI I) - _}

302 é) "y
Fomt = @, l)

(b) Find the coordinates of all points on the curve at which the line tangent to the curve at that point is vertical.

V@r%icw’ 44’)19&7;1‘» l'he = SID‘PQ “ndeﬂ"r)Q&
—_:_> Aenommater = 0 = ?UI-X -0
-332: X
Subsidute “X"{or \\ga’ " the eguation of the curve

-éyz.&] =7 *;-3~ 39312

2y>=2
3 ~ e
€)= x-€)=2 Vert:cal fangents c/’: v

-] (-);(';i' at [3/']> i Yz~

Unauthorized copying or reuse of Continue problem 6 on page 21.
any part of this page is illegal. -20-
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2
(c) Evaluate ﬂ at the point on the curve where x = —1 and y = 1. po "F </ {

Ql) 3y x=3-e) Y

[@ )}[53 I)(HJJ
rs)

.cm\
-:l{‘

I
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6. Consider the curve given by the equation y3 — xy = 2. It can be shown that % = 3—;—
r Yy —-x

(a) Write an equation for the line tangent to the curve at the point (-1, 1).

<,

(b) Find the coordinates of all points on the curve at which the line tangent to the curve at that point is vertical.

{
) — o errva ve e b
w- é—-‘ €71 IS)“’ VL 0 et
\ o= X ’—O = ot
3 / DAVE AL

R 3/3 ~x+l= 1

N y = 3y ooxi L £ el egaations qqq?
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(c) Evaluate %21 at the point on the curve where x = -1 and y = 1.

Ay - gt 3y ) - y(€y8% -))
3y72)”

- i) prA -y (Gl ).

H

B

e " J
5 y-x)

-3 4 - 37
o)\ l@ — s
L32
Unauthorized copying or reuse of GO ON TO THE NEXT PAGE.
any part of this page is illegal. _21 - 5
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6. Consider the curve given by the equation y3 — xy = 2. It can be shown that % = 3+
N =X

< o
(a) Write an equation for the line tangent to the curve at the point (-1, 1).
1

\ i
Al \ _ /__L~—-l — a——
-y g — e

W T, ://(71)7' - \B >

J \
| ’}
EIR A
e
TSE— b
)dLX - = ’ '
\ = = x + (s
{ \ - "”:”
it = .

(b) Find the coordinates of all points on the curve at which the line tangent to the curve at that point is vertical.

—

SIANTOA ST DIOAIA 21LIM 10U O(T

A - ,
> = - Il
2 5
Z \ /
'L\‘ ¥ ) ‘ N\ 4 4 .i‘«/ . Lo
» W o c =
> 4 \
—
7 4
: * e ey N2 { =
” N A + —F u . o — \'-”,.'W) > -
) / > 9 7’
=\
\ )
\ ) /
Unauthorized copying or reuse of Continue problem 6 on page 21.
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6 6

\/

14 2

2

(c) Evaluate f{ z at the point on the curve where x = =1 and y = 1.
b
ax. - 3N
d ¥ ‘ “4 U > — .

4 A
z —
2 = A\
2 y
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Question 6

Overview

In this problem students were given the equation of a curve, y3 —xy = 2, with % = 3 zy . In part (a)
y —X

students had to find an equation for the line tangent to the curve at the point (—1,1). Students were expected to

use the given % to find the slope of the curve at the point (-1, 1). In part (b) students were asked to find the

coordinates of all points on the curve at which there is a vertical tangent line. These are the points on the curve

where 3 y2 —x =0, but y # 0. Students were expected to solve y3 — xy = 2 with the condition that
2

3y? — x = 0 and report only those pairs (x, y) where y # 0. In part (c) students were asked to evaluate % at
x
the point (-1, 1) on the curve. Students had to use implicit differentiation with % to find an expression for
2
fl—;}, which required use of the chain rule and either the product rule or the quotient rule. The expression can be
x
. . . dy . . d*y
written in terms of x and y or can involve I In either case, students needed to evaluate the expression for o2
X
at (-1 1).
Sample: 6A
Score: 9

The response earned all 9 points.

Sample: 6B
Score: 6

The response earned 6 points: 2 points in part (a), 1 point in part (b), and 3 points in part (c). In part (a) the student’s
work is correct. In part (b) the student considers the equation 3 y2 — x = 0, so the first point was earned. The student

does not present an equation in one variable. In part (c) the student correctly differentiates and substitutes for %, SO

the first 3 points were earned. The student makes an error in computation, so the answer point was not earned.

Sample: 6C
Score: 3

The response earned 3 points: 1 point in part (a), no points in part (b), and 2 points in part (c). In part (a) the student
makes an arithmetic error in computing the slope, so the first point was not earned. The student uses the slope to
present a line that passes through (—1, 1), so the second point was earned. In part (b) the student does not consider

the equation 3 y2 —x = 0. In part (c) the student correctly differentiates %, so the first 2 points were earned.
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